
An introduction to diffusion models 



Suppose you’ve seen Stable Diffusion 

https://stability.ai/



And you want to build diffusion from scratch



But wait. How does diffusion work?



Variational autoencoder (VAE)
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The full likelihood:
 𝑝 𝑧 𝑝! 𝑥 𝑧 = 𝑁 𝑧 0, 𝐼 𝑁(𝑥|𝜇! 𝑧 , Σ! 𝑧 )

The posterior: 𝑝 𝑧 𝑥 =?

The variational approximation: 
𝑞" 𝑧 𝑥 = 𝑁(𝑧|𝜇" 𝑥 , Σ" 𝑥 )

Via the Jensen’s Inequality: 

log 𝑝!(𝑥) ≥ ∫ 𝑞" 𝑧 𝑥 log
𝑝! 𝑥 𝑧 𝑝 𝑧
𝑞" 𝑧 𝑥

𝑑𝑧

= ∫ 𝑞" 𝑧 𝑥 log𝑝! 𝑥 𝑧 𝑑𝑧 − 𝐷#$(𝑞"(𝑧|𝑥)||𝑝(𝑧))
ELBO: Evidence Lower Bound



Variational autoencoder (VAE)

𝐷#$(𝑞"(𝑧|𝑥)||𝑝(𝑧)) has an analytic form

∫ 𝑞" 𝑧 𝑥 log𝑝! 𝑥 𝑧 𝑑𝑧 = 𝐸%∼'!(log 𝑝!(𝑥|𝑧)) 
can be approximated using Monte Carlo 
integration
1
𝐾
;

()*

#
log𝑝! 𝑥 𝑧( , 𝑧( ∼ 𝑁(𝑧|𝜇" 𝑥 , Σ" 𝑥 )𝑿

𝒁

𝑁
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Variational autoencoder (VAE)
1
𝐾
;

()*

#
log𝑝! 𝑥 𝑧( , 𝑧( ∼ 𝑁(𝑧|𝜇" 𝑥 , Σ" 𝑥 )

Sampling is not differentiable and 
∇"𝐸%∼'!(log 𝑝!(𝑥|𝑧)) ≠𝐸%∼'!(∇"log 𝑝!(𝑥|𝑧))

Reparameterization: 

𝜖 ∼ 𝑁 𝜖 0, 𝐼 , 𝑧( =;
"

*
+ 𝑥 𝜖 + 𝜇"(𝑥)

LOTUS: 
𝐸%∼'!(log 𝑝!(𝑥|𝑧)) = 𝐸,∼- .,0 (log𝑝! 𝑥 𝑧(𝜖) )
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HVAE

• Just stack a lot of VAEs

The full likelihood:
 𝑝 𝑧*:2 𝑝! 𝑥 𝑧* = 𝑝 𝑧2 Π3𝑝 𝑧34* 𝑧3 𝑝(𝑥|𝑧*)



Canonical diffusion

• A special case of HAVE
1. Latent dimensions = data dimension
2. Encoder structure is pre-defined
3. At time T, the distribution is an isotropic Gaussian

Data Gaussian

𝑞 𝑥3 𝑥34* = 𝑁(𝑥3; 𝛼3𝑥34*, 1 − 𝛼3 𝐼) 𝛼!  fixed (but can be learned)



ELBO
𝑙𝑜𝑔𝑝 𝑥! ≥ ∫ 𝑞 𝑥":$ 𝑥! 𝑙𝑜𝑔

𝑝 𝑥!:$
𝑞 𝑥":$ 𝑥!

𝑑𝑥":$

= ∫ 𝑞 𝑥":$ 𝑥! [𝑙𝑜𝑔𝑝 𝑥! 𝑥" + 𝑙𝑜𝑔
𝑝 𝑥$

𝑞 𝑥$ 𝑥$%"
+-

&'"

$%"

𝑙𝑜𝑔
𝑝(𝑥&|𝑥&(")
𝑞(𝑥&|𝑥&%")

]𝑑𝑥":$

= 𝐸) 𝑥" 𝑥! 𝑙𝑜𝑔𝑝 𝑥! 𝑥" − 𝐸) 𝑥$%" 𝑥$ [𝐷*+ 𝑞 𝑥$ 𝑥$%" 𝑝 𝑥$

−-
&'"

$%"

𝐸) 𝑥&%", 𝑥&(" 𝑥! [𝐷*+(𝑞(𝑥&|𝑥&%")||𝑝(𝑥&|𝑥&("))]



Alternative ELBO
𝑞 𝑥3 𝑥34* = 𝑞 𝑥3 𝑥34*, 𝑥.

𝑙𝑜𝑔𝑝 𝑥. ≥ ∫ 𝑞 𝑥*:2 𝑥. 𝑙𝑜𝑔
𝑝 𝑥.:2
𝑞 𝑥*:2 𝑥.

𝑑𝑥*:2

= ∫ 𝑞 𝑥*:2 𝑥. [𝑙𝑜𝑔
𝑝 𝑥2 𝑝(𝑥.|𝑥*)
𝑞 𝑥* 𝑥.

+;
3)+

2

𝑙𝑜𝑔
𝑝(𝑥34*|𝑥3)

𝑞(𝑥3|𝑥34*, 𝑥.)
]𝑑𝑥*:2

= ∫ 𝑞 𝑥*:2 𝑥. [𝑙𝑜𝑔
𝑝 𝑥2 𝑝(𝑥.|𝑥*)
𝑞 𝑥* 𝑥.

+;
3)+

2

𝑙𝑜𝑔
𝑝(𝑥34*|𝑥3)

𝑞 𝑥34* 𝑥3 , 𝑥. 𝑞(𝑥3|𝑥.)
𝑞(𝑥34*|𝑥.)

]𝑑𝑥*:2



Alternative ELBO

= 𝐸' 𝑥* 𝑥. 𝑙𝑜𝑔𝑝 𝑥. 𝑥* −	𝐷#$(𝑞(𝑥2|𝑥.||𝑝(𝑥2)))

−;
3)+

2

𝐸' 𝑥3 𝑥. [𝐷#$(𝑞(𝑥34*|𝑥3 , 𝑥.)||𝑝(𝑥34*|𝑥3))]

A separate decoder is training in Denoising diffusion 
probabilistic models 



𝑞 𝑥! 𝑥"
𝑥3 = 𝛼3𝑥34* + 1 − 𝛼3𝜖34*∗

= 𝛼3 𝛼34*𝑥34+ + 1 − 𝛼34*𝜖34+∗ + 1 − 𝛼3𝜖34*∗ = ⋯

= Π6)*3 𝛼6𝑥. + 1 − Π6)*3 𝛼6𝜖.

𝑁(𝑥6; %𝛼6𝑥7, 1 − %𝛼6 𝐼)



𝑞(𝑥!#$|𝑥! , 𝑥")

𝑞 𝑥34* 𝑥3 , 𝑥.

=
𝑁(𝑥3; 𝛼3𝑥34*, 1 − 𝛼3 𝐼)𝑁(𝑥3; K𝛼34*𝑥., 1 − K𝛼34* 𝐼) 

𝑁(𝑥3; K𝛼3𝑥., 1 − K𝛼3 𝐼) 

𝑁(𝑥!"#;
𝛼! 1 − ,𝛼! 𝑥! + ,𝛼!"# 1 − 𝛼! 𝑥$

1 − ,𝛼!
,
1 − 𝛼! 1 − ,𝛼!"#

1 − ,𝛼!
𝐼)



𝐷12(𝑞(𝑥!#$|𝑥! , 𝑥")||𝑝(𝑥!#$|𝑥!))

If we let 𝑝(𝑥34*|𝑥3) be a Gaussian 𝑁(𝜇! , Σ), this now has an analytic form

If we further match the variances, the KL is just 

1

2( 1 − 𝛼3 1 − K𝛼34*
1 − K𝛼3

)

𝛼3 1 − K𝛼3 𝑥3 + K𝛼34* 1 − 𝛼3 𝑥.
1 − K𝛼3

− 𝜇!

+

We can set 𝜇! =
7" *487" 9": 87"#$ *47" 9%(9",3)

*487"



Objective
1

2( 1 − 𝛼3 1 − K𝛼34*
1 − K𝛼3

)

K𝛼34* 1 − 𝛼3 +

1 − K𝛼3 + 𝑥! 𝑥3 , 𝑡 − 𝑥. +

Optimizing over all time steps can be further 
approximated by random sampling 

𝐸3∼= +,…,2 [𝐸' 𝑥3 𝑥. [𝐷#$(𝑞(𝑥34*|𝑥3 , 𝑥.)||𝑝(𝑥34*|𝑥3))]]



Alternative Objective

𝑥. =
𝑥3 − 1 − K𝛼3𝜖.

K𝛼3
𝛼3 1 − K𝛼3 𝑥3 + K𝛼34* 1 − 𝛼3 𝑥.

1 − K𝛼3
=

1
𝛼3
𝑥3 −

1 − 𝛼3
1 − K𝛼3 𝛼3

𝜖.

We can set 𝜇' =
(
)!
𝑥* −

(+)!
(+,)! )!

𝜖-(𝑥*, 𝑡)

Objective (part): *

+( $#&" $#'&"#$
$#'&"

)

*47" (

*487" 7"
𝜖. − 𝜖.(𝑥3 , 𝑡) +



Back to the main topic: Git

• We need:
• A function to sample from some nontrivial distribution (data distribution)
• A neural network (not a complicated one)
• Forward and reverse processes
• Of course, loss 
• Some other functions (plotting, training)

>touch utility.py
>touch simple_diffusion.py

(Adapted from https://github.com/MaximeVandegar/Papers-in-100-Lines-of-
Code/blob/main/Deep_Unsupervised_Learning_using_Nonequilibrium_Thermodynamics/diffusion_models.py)



utility.py
A function to generate from a 2d 
Swiss roll



utility.py

And a simple neural network



simple_diffusion.py

Forward process 



simple_diffusion.py

Reverse process 



After training


